The multiple scattering effect on the line width of the backward Parametric X-ray Radiation (PXR) in the extremely Bragg geometry, produced by low energy relativistic electrons traversing a single crystal, is discussed. It is shown that there exist conditions, when the influence of photo absorption on the line width can be neglected, and the only multiple scattering process of relativistic electrons in crystal leads to the PXR lines' broadening. Based on the obtained theoretical and numerical results for the line width broadening, caused by the multiple scattering of 30 and 50 MeV relativistic electrons in a Si crystal of varying thicknesses, an experiment could be performed to help to reveal the scattering effect on the PXR lines in the absence of photo absorption. This leads to a more accurate understanding of the influence of scattering phenomenon on the line width of the backward PXR and helps to a better construction of a table-top narrow bandwidth X-ray source for scientific and industrial applications.
Introduction
Parametric X-ray Radiation (PXR) is produced when relativistic electrons fall at a small incidence angle with respect to one of the crystallographic atomic planes (see [1, 2, 3] and references therein). Recently, production of PXR by ultra-relativistic protons was observed in a bent crystals [4] . This radiation is mainly concentrated in directions close to the Bragg's angles of particle's field reflection from such planes. The case of PXR in the "extremely Bragg geometry" or "backward" PXR is of special interest, when relativistic electrons fall onto a crystal at a small angle ψ > ψ c with respect to one of the crystallographic axes (z-axis in Fig. 1 ), since in this case, the contribution of bremsstrahlung and channeling radiation are then considerably suppressed. Here ψ c = 4Ze 2 /Ed is the critical angle of axial channeling [5] , d -the inter atomic distance along the z-axis, E -particle energy. The backward PXR in extremely Bragg geometry was observed at low [6] and high [7] energies of relativistic electrons, but the line width was measured in [7] . Measurements of the line width of the backward PXR at high energies of electrons [7] show that the PXR has a very narrow line width of a few meV (milli-electron-Volt) which points to the fact that such a quasi-monochromatic and narrow bandwidth X-ray radiation can be used in many applications [8, 9, 10] . Such narrow lines appear in the spectral angular radiation density as a result of the interference of reflected waves from crystallographic atomic planes, oriented perpendicular to the z-axis (Fig. 2) . The natural width of these lines is determined by the number of crystallographic planes which the relativistic electrons interact with. However, the results of experiment [7] show that the line width of the backward PXR is much larger than its natural line. There are two kinds of effects which destructively influence on PXR lines. The "instrumental" effects such as finite detector opening [11] , finiteness of the collimator [12] and angular spread of the electron beam [13] are connected with the instruments for measurement of PXR lines. The "non-instrumental" effects on PXR lines, caused by such processes as absorption of radiated photons and the multiple scattering of relativistic electrons in crystal are connected with the physical phenomena while producing PXR. In the subsequent discussion, the two aforementioned "non-instrumental" effects on the line width of the backward PXR will be considered . For thick crystals, such that their thickness L is larger than the absorption length L a of radiated photons, the absorption effect plays the leading role in the formation of PXR lines [7, 14] . Although, at L L a , PXR intensity ultimately no longer increases with L [15] . The multiple scattering process of relativistic electrons in crystal is the another physical phenomena which makes destructive contribution to the line width of PXR [7, 11, 13 ] (see Fig. 1 ). However, this process makes itself more evident in the formation of PXR lines, if low energy relativistic electrons traverse a crystal of the thickness L less than L a . 2. Spectral angular density of the backward PXR including the small angle multiple scattering process
Analysis of the experimental data on the backward PXR shows [7] that, apart from the absorption, the important contribution to the characteristics of the PXR lines, such as line width, is made by deflection of relativistic electrons from initial straight forward direction in crystal. In other words, the assumption of the particle's straight trajectory and its no-effect on the line shape is inconsistent with the experimental data.
For a relativistic electron (E m e ), the variation of its velocity |v| due to scattering is small, since |v| ∼ 1/E [16] . Therefore, for relativistic electrons, falling onto a crystal at a small angle ψ > ψ c , one can represent the velocity v(t) in the form [16] in Fig. 2 , v ⊥ (t) has two components v ⊥ (t) = (v x , v y ). The deviation of trajectory of relativistic electrons from the straight forward direction in a crystal, is mainly connected with the multiple scattering process [17] and the channeling phenomenon [5] . In the following, it will be assumed that the relativistic electron impinges to one of the crystallographic axes of a crystal (z-axis in Fig. 1 ) at an angle ψ, which is larger than the critical angle of axial channeling ψ c . Therefore, the channeling of relativistic electrons in the crystal does not take here place.
As it is shown in Fig. 1 , the small angle scattering of relativistic electrons during the passage through the crystal leads to the small change of mean free path of particles between sequential collisions with crystallographic atomic planes. This, in its turn, leads to the destruction of interference of reflected waves from the various planes. One of the important features of scattering process of relativistic electrons at ψ > ψ c , is that the process is asymmetric in (x, y)-plane ( Fig. 2) , namely, the scattering along the x-axis in (v, z)-plane and along the y-axis in (x, y)-plane essentially are different. The reason is that the correlations between subsequent collisions of relativistic electrons with atomic chains, parallel to the z-axis are of substantial. Due to these correlations, the asymmetric scattering occurs. The correlated scattering takes place mainly along the azimuthal angle in (x, y)-plane, perpendicular to the zaxis [16] . A redistribution of relativistic electrons occurs over this angle due to the multiple scattering by different atomic chains. At ψ > ψ c , the scattering process can be approximated by a Gaussian one [17] . The mean square of the multiple scattering angle is then given by θ 2 c = q c L, where q c is the mean square of the correlated scattering angle per unit length. The quantity q c differs from the corresponding one in an amorphous medium by a factor of the order of R/4ψa [17] , where R is the Thomas-Fermi radius of screening of the potential of a separate crystal atom. The non-correlated scattering of relativistic electrons occurs on thermal vibrations of atoms in the crystal, and the mean square scattering angle in this case is given by θ 2 a = q a L of that of an amorphous medium [16] . Thus, the deviation of the particle's trajectory along the y-axis, which is oriented perpendicular to the (v, z)-plane, is caused by both correlated and non-correlated scattering in the crystal, and the mean square scattering angle is given by θ 2 y = q y L, where q y = q c + q a /2. The deviation of particle's trajectory along the x-axis is mainly caused by non-correlated scattering with mean square scattering angle of θ 2 x = qL, where q = q x /2. The q x value differs by less than 10 ÷ 15% from the corresponding value for an amorphous medium q a x [16] . In the multiple scattering theory of high energy electrons in an amorphous medium, the value q a x is defined by the relation q
, where L R is the radiation length of relativistic electrons and η = (1 + 0.038 ln
In section 4, we will use q a x instead of q x for numerical calculations. In [19] , the spectral angular density of the backward PXR in extremely Bragg geometry, averaged on the multiple scattering process by the method of functional integration [20] was obtained. Thus, the appropriate formula with some modifications for the spectral angular radiation density near the lines with the energy ω n ≈ g/2 reads as the following
where
, e -charge of particle, ε ωn -Fourier component of material part of the medium permittivity ε ωn = 1 + ε ωn , g = 2πn/a, nintegers, γ -Lorentz factor of particle, and F (L, ∆ω) is defined as
The parameters α, σ x and function F (L, ∆ω) are dimensionless. Other relevant quantities are defined in Fig. 1 . In Eq. (2), C and Φ(φ, ψ) do not depend on the multiple scattering parameter q x , but F (L, ∆ω) does and describes the behaviour of line width of the backward PXR. Formula (3) has been obtained in the approximation in which the main contribution to the line width originates from the non-correlated multiple scattering of relativistic electrons in the crystal, i.e. when α 1 and σ x 1. The factor ασ x in F (L, ∆ω) stands for influence of the multiple scattering of electrons on PXR lines. If ασ x → 0, which means q x → 0, then the influence of non-correlated multiple scattering process on line width of the backward PXR can be ignored and ∆ω in this case is given by ∆ω ∼ 1/L to within the order of magnitude. At σ x 1 and α 1, the scattering process leads to the line broadening of the backward PXR and ∆ω is defined to within the order of magnitude as
which is much larger than the natural line width for the same crystal thickness.
Necessary conditions for neglecting the photo absorption effect on the line width
In experiment [7] , the backward PXR with the photon energies of several KeV was produced by relativistic electrons of the energy of E ≈ 855 MeV in a Si crystal of the thickness of 525µm. For such a thick Si crystal (L > L a ) besides the scattering process, the another important one, causing the line broadening of the backward PXR, is the photo absorption. Both processes exert a parasitic influence on the line width and were experimentally investigated in [7] . The interpretation of the experimental data for the multiple scattering effect of electrons in the crystal on the line width of the backward PXR was explained in [7] on the basis of [21] . In the work [21] , the PXR amplitude was first obtained without any directional changes of electrons in the crystal, and then, was modified for small angle multiple scattering. At the end, the corresponding amplitude was calculated using the probabilistic methods. But there is the another point of view. On one hand, the multiple scattering of electrons during the passage through the crystal is a usual parasitic process and occurs along the whole path of charged particles traversing the crystal. From the other hand, PXR is produced by reflection of relativistic electron's field from all of the crystal planes, even from the last layers. Consequently, the scattering process of electrons destructively influences on the line width of the backward PXR from the first planes of the crystal traversed by electrons till the last points, when the particles leave it. Therefore to obtain (3), the directional changes of electrons in crystal were from the outset included in the PXR spectral angular density, and afterwards, the latter was averaged on the random scattering process. However, Eq. (3) has been obtained without taking into account the absorption effect on the line width of the backward PXR. In order to find out the conditions, under which it is possible to neglect the influence of the photo absorption on the line width and to put the formula (3) into practice, we consider the following. From the one hand, the factor ασ x in (3) is proportional to L as ασ x ∝ L √ L. Therefore, according to the formula (4), the line width of the backward PXR decreases as √ L when decreasing the thickness. From the other hand, ασ x is proportional to the energy of charged particles as ασ x ∝ 1/E. Hence, if we choose thin crystals and decrease the energy of charged particles, but retaining the latter in relativistic domain, then it is possible to fit such values for L and E, so that the following conditions can be fulfilled:
In other words, at the fulfilment of the conditions (5), the influence of the photo absorption in the crystal on the line width can be ignored and the main contribution to the line broadening of the backward PXR in extremely Bragg geometry is made by the multiple scattering process of relativistic electrons in crystal.
Numerical results and discussion
Formula (3) is appropriate for a parametric consideration of the multiple scattering effect of relativistic electrons on the line width of the backward PXR. But it is less suitable for numerical analysis from the wall time point of view. Therefore, to investigate numerically the influence of the multiple scattering on the line width, one has to modify formula (3) as in the following. Taking p ≡ 2L∆ω and s ≡ α 2 σ 2 as new numerical dimensionless quantities and using Euler representation for cosine function, one gets the following formula for F (L, ∆ω)
where the line width ∆ω is included in the arguments of complex Error and exponential functions (In Eq. (6), i is the imaginary unit). The Eq. (6) depends on the parameters such as thickness L of crystal, energy E of relativistic electrons, incident angle ψ of electrons to the crystallographic axis (ψ must be more than ψ c ) and ω n . For concrete practical application of formula (6) For above ω n , the thickness of Si crystal and the values of the energy of relativistic electrons are chosen so that the condition α 1 and σ x 1 of application of Eq. (2) together with (5) could be fulfilled. Then the optimal value for the energy of relativistic electrons is started from 30 MeV to retain particles in relativistic domain. The crystal thickness (first column of Table 1 ) is in the range of 20µm ≤ L ≤ 30µm (L < L a ) in order to fulfil both conditions α 1 and σ x 1 (second and third columns of Table 1 ). The optimal upper limit for energy of electrons is 50 MeV, since at the chosen thicknesses (first column of Table 2 ), the conditions (5) (second and third columns of Table 2) are still fulfilled for photons in the 7−8 KeV energy range. For 100 MeV electrons traversing Si crystal of the thickness 10µm ≤ L ≤ 60µm, the values of σ x are in the range of 0.17 ≤ σ x ≤ 7.4. Therefore, the condition σ x 1 can not be fulfilled. It seems that more thicker crystal L > 60µm could be used to increase σ x . But such range of crystal thickness is not suitable, since the absorption of radiated photons parasitically influences on the line width of the backward PXR and the first part of conditions (5) can not be fulfilled. Thus, the upper limit of energy for electrons is set to 50 MeV. Based on the used ω n together with the selected ranges for energy of electrons and the corresponding values of incident angle ψ of electrons and appropriate thickness of Si, the numerical calculations of the influence of multiple scattering of E = 30 MeV and E = 50 MeV relativistic electrons on the line width of the backward PXR in extremely Bragg geometry are shown in Figs. 3 and 4 . Let us discuss the obtained curves in both figures by the example of L = 20µm for E = 30 MeV electrons (Fig. 3) . The maximum value of F (L, ∆ω) for L = 20µm at chosen energy of electron in Fig. 3 is 3.3 × 10 −2 . Dividing it by two and finding the corresponding value of ∆ω for it on the abscissa of Fig. 3 and multiplying the obtained ∆ω by two, we get ∆ω ex = 1.52 eV for the line width of the backward PXR produced by E = 30 MeV relativistic electrons traversing Si crystal of thickness L = 20µm taking into account the scattering process in the absence of photo absorption, where ∆ω ex means the exact calculated line width by Eq.6 . This value is shown in the fifth column of Table 1 . The same value of ∆ω app for L = 20µm, Table 1 ).
but according to the formula (4) is shown in the fourth column of Table 1 .
There is a small discrepancy ∆ between the values of the line width for L = 20µm in the fourth and fifth columns of Table 1 , where ∆ = |∆ω app − ∆ω ex |. This is because the line width in the fourth column ∆ω app is obtained by the approximate formula (4), whereas ∆ω ex in fifth column is extracted from the exact calculation of (6) in Fig. 3 . The above discussion concerning the numerical result of the line width at L = 20µm in Fig. 3 can be given for other thicknesses in Fig. 3 and Table 1 , as for corresponding values in Fig. 4 and Table 2 . This is very important to note that the natural line width of the backward PXR produced by E = 30 MeV relativistic electrons at L = 20µm in extremely Bragg geometry under the condition of the absence of photo absorption is about ∆ω ∼ 10 meV to within the order of magnitude. This value is much smaller than the line width of the backward PXR of the same thickness, but affected by the multiple scattering effect ∆ω ex = 1.52 (fifth column in Table 1 ). This difference is of significant for all thicknesses at both E = 30 MeV and E = 50 MeV energies. It means that the multiple scattering of relativistic electrons traversing a single crystal makes a significant contribution to the line width of the backward PXR in the absence of photo absorption.
Conclusions
The influence of the multiple scattering of low energy 30 and 50 MeV relativistic electrons on the line width ∆ω of the backward PXR in extremely Bragg geometry in a Si crystal at varying thicknesses has been considered. The conditions, when the photo absorption effect on the line width is negligible, has been obtained. Table 2 ).
tering process makes the important contribution to the line width of the backward PXR in the absence of photo absorption.
The line width of the backward PXR in extremely Bragg geometry at low energy relativistic electrons in experiment [6] was not measured, although a boost of intensity by a factor of two was observed. As far as we know, apart from the measurement of the line width of the backward PXR at high energies of electrons [7] , no any experiment has been performed yet on the measurement of the line width of the backward PXR in extremely Bragg geometry, produced by low energy relativistic electrons in thin crystals. The experiment could make the influence of the multiple scattering effect on the line width of the backward PXR more clear, since this is a still open question.
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